Abstract. This paper gives a universal definition of Fq [t] in Fq(t) using 89 quantifiers, more direct than those that exist in the current literature. The language L rings,t we consider here is the language of rings {0, 1, +, −, ·} with an additional constant symbol t. We then modify this definition marginally to universally define Fq [t] in Fq(t) without parameters, using 90 quantifiers. We assume throughout that char(Fq) = 2.
Introduction
One motivation for definability questions (such as determining a universal definition of F q [t] in F q (t), or an existential definition of Z in Q) stems from David Hilbert's famous list of 23 problems, published in 1900 [7] . In particular, his tenth problem (H10) requests to prove Th ∃ (Z) is decidable. We know now after the work of Davis, Putnam, Robinson, and Matiyasevich [3, 9] that this theory is in fact undecidable. However, as is often the case in mathematics, the answer to a good question itself raises more questions than answers available. The 'natural' generalisation of H10 is to determine the decidability of Th ∃ (Q), and this question still remains open. There are two paths, amongst others, before us in the quest to answer "H10 over Q" -one path's approach is via the definability of Z in Q, the other is via H10 over other rings and fields. The former approach is useful as follows: if one had an existential definition of Z in Q, then the undecidability of Th ∃ (Q) follows from the undecidability of Th ∃ (Z). The latter approach is more philosophical; if one understood the behaviour of H10 over different rings and fields, one could possibly gain a deeper insight into the problem and use this to solve H10 over Q, and go further with further generalisations such as H10 over K or O K where K is a number field. This paper lies in the middle between these two paths. A significant addition to the definability approach of solving H10 over Q was made in 2016 by Koenigsmann [8] , who provided a universal definition (later improved by Daans [1, 2] ) and a ∀∃-definition of Z in Q, the latter only using one universal quantifier. For the latter more philosophical path it is worth noting that both Th ∃ (F q [t]) and Th ∃ (F q (t)) are undecidable (in L rings,t ) [4, 11, 14] which seems almost to suggest (by the function field analogy) that a more complete understanding of H10 made in the function field context would be useful for determining H10 over Q. This paper is not the first to explore definability questions in function fields; Eisenträger & Morrison [6] adapted Park's [10] universal definition of O K in K from number fields to function fields, and this definition was vastly simplified by Daans [2] who in fact provided a universal definition of the ring of S-integers O S in a global field G where S is a finite nonempty set of primes of G. In [1] there is also a shorter, more easily attained universal definition of Z in Q than Koenigsmann ([1, Theorem 4.3.3]), and it is from this theorem that the main result of the paper sprang.
The essence of [1, Theorem 4.3.3] can be summarised as follows: the main goal of the theorem is to find an existentially defined set of conditions E on parameters a, b such that
and H a,b is the quaternion algebra
This will ensure, by Hilbert Reciprocity, ∆ Then we obtain a universal definition
where R a,b is a universally defined union of localisations of Z at primes p ∈ ∆ To accommodate the fact that all primes of F q (t) are, in some sense, "finite" (nonarchimedian) we will have to modify (1) in order for R a,b to have a universal definition in this setting. We shall find a new set of existentially defined conditions D on parameters a, b such that
where ∞ is the prime of F q (t) corresponding to the valuation − deg, and
Then we will obtain a universal definition as follows: writing (F q (t)) p for F q (t) localised at a prime p,
At the time of writing this led to the shortest (in number of quantifiers) known universal definition of F q [t] in F q (t), however using some intricate quaternion algebra theory and deep class field theory, Daans [2] proves there is a universal definition of F q [t] in F q (t) requiring only a breathtaking 65 quantifiers.
Let us begin our definition by first determining D.
A New Universal Definition
We will assume that char(F q ) = 2 (necessary for Lemma 2.2 & Theorem 2.7). We first need the following characterisation of nonsquares of F q 1 / t :
Proof. This is an application of Hensel's Lemma exactly.
Lemma 2.2. The quaternion algebra
q and f is a nonsquare. Proof. Using [13, XIV.3.8] , for a p-adic unit a,
q is a nonsquare (as it was chosen to be). Hence
We adopt the following piece of notation: if p = (f (t)) is a prime of F q [t] (where f (t) is a monic and irreducible polynomial) then the residue field of F q (t) p = F q (t) f (t) under the p-adic valuation is denoted F f (t) and is isomorphic to the set of polynomials of F q [t] of degree strictly less than deg(f ). The residue map
. We will make use of the Legendre symbol, which in this context is defined as:
be a prime (that is, the monic and irreducible polynomial corresponding to the principal prime ideal p) and g(t) ∈ F q [t], where
Proof. This follows from [12, Prop. 3.2].
Lemma 2.5. Given a prime f (t) ∈ F q [t] and g ∈ F q nonsquare, one can choose d(t) a prime of F q [t] of opposite parity in degree to f (t) such that red f (t) (gd(t)) is a nonsquare of F f (t) . Moreover, this choice can be made independent of g.
Proof. By Dirichlet's Theorem on primes in arithmetic progressions there are infinitely many primes equivalent to c(t) mod f (t) for any c(t) ∈ F f (t) . Moreover, for N large enough, there is a prime of degree N in this arithmetic progression [12, Theorem 4.8] .
Therefore if f (t) is of odd degree then we can choose d(t) to be monic, irreducible, of even degree and d(t) ≡ c(t) 2 mod f (t), where c(t) ≡ 0 mod f (t). If f (t) has even degree then we can choose d(t) to be monic, irreducible, of odd degree and d(t) ≡ c(t) mod f (t) where c(t) ∈ F f (t) is a nonsquare. Then red f (t) (gd(t)) is a nonsquare of F f (t) , according to Lemma 2.4.
These lemmata will contribute to the next result. First, we introduce more notation. For c ∈ F q (t), let φ(c) denote "c as an element of F q 1 / t is a square". An equivalent statement, by Lemma 2.1, is that the degree of c is even and writing c = amt m +···+a0 bnt n +···+b0 the leading coefficient am bn is a square. Let z ∈ F q be a nonsquare and let ψ(a, b) denote ∃c, d "c and d are of opposite parity in degree"
The complicated choice of ψ(a, b) will be justified in the upcoming theorem.
Theorem 2.7. We have
where
Proof. To begin, consider the set of primes ∆ a,b in more detail.
Assume for the purpose of contradiction that p ∈ P(a) ∪ P(b): then v p (a) and v p (b) are both even. Assume one of them is nonzero. 
for f, g ∈ F q nonsquares. However out of these possible scenarios, only four are allowed by choice of a and b: (z, This demonstrates that if (a, b) ∈ D, then ∞ ∈ ∆ a,b . As well as this, by Hilbert Reciprocity we conclude the quaternion algebra given by (a, b) must be nonsplit at some non-infinite prime too, meaning ∆ a,b \ {∞} is nonempty. This allows us to conclude We will now prove the reverse inclusion. Consider the prime ideals of F q [t]; these are principal ideals p = (f (t)) with f (t) ∈ F q [t] a monic and irreducible polynomial.
Set a = zf (t) and b = zd(t) according to Lemma 2.5. By this choice of a and b, (a, b) p = −1 as v p (a) is odd and red p (b) is a nonsquare of F p . Also, if q is a prime such that q = p, q = ∞, it follows that v q (a) = 0 and b is either a q-unit (in which case (a, b) q = 1) or q = (d(t)). In this case,
By the law of Quadratic Reciprocity (cf. [12, Theorem 3.3]),
as f and d have opposite parity in degree (and q is not a power of 2). Consider the following two cases.
Case 1: f has odd degree. Then
Case 2: f has even degree. Then
In either case, we conclude (a, b) d(t) = 1. So by choice of a and b, p and naturally ∞ are the only primes at which the algebra H a,b (F q (t) p ) is nonsplit. Moreover by design (a, b) ∈ D, so ∆ a,b = {p, ∞} and
We will show now that D of Definition 2.6 is existentially definable.
Lemma 2.8. Let z ∈ F q be a nonsquare and let ψ(a, b) denote ∃c, d "c and d are of opposite parity in degree"
Then ψ(a, b) is equivalent to an existential formula.
Proof. For c ∈ F q (t), consider φ(c): "c as an element of F q 1 / t is a square". Quantifying over F q (t), this is captured by
What if we additionally wanted to say "and d is of odd degree"? This would be
Then, by the above argument and Lemma 2.1, "the degree of c is even, the degree of d is odd, and the leading coefficient of c is a square" is represented by this formula. Therefore ψ(a, b) is equivalent to (1) χ(za, b) ∨ χ(zb, a).
, the set {z ∈ K : v p (z) ≥ 0} is existentially definable (and requires 9 quantifiers to define), therefore ψ(a, b) is indeed equivalent to an existential formula and moreover requires 2 + 9 + 9 = 20 quantifiers according to (1) .
There is a universal definition of F q [t] in F q (t) given by 89 quantifiers.
Proof. By Theorem 2.7, we have
By [6, Lemma 3.19 ], R a,b is universally defined, hence as D is existentially defined, (2) is indeed a universal formula for F q [t] ∪ (F q [t]) ∞ . Denote this formula by Φ. Recall that the number of quantifiers needed to define R a,b is one more than is required to define its Jacobson radical. By [10, Lemma 3 .17], J( R a,b ) has an explicit description of What about the definition of F q [t]? This is simply f (t) ∈ F q [t] ⇔ Φ(f (t)) ∧ (deg(f (t)) > 0 ∨ f (t) q = f (t)) .
Note that "deg(f ) > 0" is universally defined by 9 quantifiers ([5, Theorem 3.1]) and thus F q [t] is universally defined in F q (t) by max{89, 9} = 89 quantifiers, as required.
Corollary 2.10. There is a universal ∅-definition of F q [t] in F q (t) given by 90 quantifiers.
Proof. In the universal definition presented in Corollary 2.9, there are three places parameters are in use: the nonsquare z ∈ F q , in R a,b , and in all statements about degree. Examination of [6, Lemma 3.19 ] reveals R a,b is defined without use of parameters other than a and b, which we already quantify over. To use Eisenträger's formula for degree [5, Theorem 3 .1] without parameters we can define elements of F q := F p (α) up to conjugates by giving the minimal polynomial for α over F p . The parameters in Eisenträger's formula are now definable in L rings,t ∪ {α}, at the cost of an additional quantifier for α. Finally, in this language any nonsquare z is definable, and nonsquares of F q remain nonsquare up to conjugates.
